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WAVY FLOW OF THIN LIQUID FILMS 
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(Received 30 September 1970 and in revisedJorm 17 July 1971) 

Abstract- An integral method is developed for solving the system of the Navier-Stokes equations de- 
scribing the velocity distribution in a laminar liquid film freely flowing under the action of the gravity 
force along a vertical solid wall. With the aid of this method the characteristic parameters of the regular 
lilm flow (the wavelength. the celerity and the amplitude) are calculated. In the linear approximation with 
respect to the ratio of the amplitude to the mean film thickness. analytical expressions are obtained detcr- 
mining the dependence of the wavelength and the celerity on the Weber number. The parameters of waves 
with amplitude comparable with the mean film thickness are calculated using a digital computer. In 
accordance with the available experimental data. it is found that at given values of the surface tension. the 
density and the viscosity of liquid, the celerity decreases monotonously with the increasing Weber number. 
the wavelength as a function of the Weber number passing through a minimum. The mechanism of the 

effect of waves on mass transfer is discussed. 
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NOMENCLATURE 

dimensionless amplitude of waves 

= (h,,,- h,) h,: 
acceleration due to gravity: 
kinetic energy of liquid in a regular 
wavy film: 
kinetic energy of liquid in a distur- 
bed state : 
kinetic energy due to perturbation: 
local Urn thickness: 
mean (over the wavelength) film 
thickness : 
film thickness in cross sections cor- 
responding to the crests of waves: 
dimensionless wave number = 
2nh,!l; 
pressure : 
time : 
x-component of the liquid velo- 
city; 
mean (over the cross section of the 
Mm and the wavelength) Mm velo- 
city : 
y-component of the liquid velo- 
city: 
velocity vector with the components 
u and u: 

coordinate in the film flow direc- 
tion : 
coordinate in the direction perpen- 
dicular to the solid wall (counted 
from the wall): 
dimensionless phase velocity of 
wave reduced to the mean velocity 
Ug; 
wavelength : 
kinematic viscosity of liquid ; 
density of liquid : 
dimensionless longitudinal coor- 
dinate in the coordinate system 
moving along the x-axis with the 
velocity au,,, [ = (x - ctu,t)!h, : 
surface tension : 
Reynolds number = u,,h,!v : 
Weber number = ph,u$o : 
dimensionless wavelength = (4/27c) 
(ps!#. 

1. INTRODUCTION AND STATEMENT OF THE 
PROBLEM 

THE WAVY regime of flow of thin laminar 
liquid films driven by gravity to descend along 
inclined solid surfaces is a subject of extensive 

139s 
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experimental and theoretical investigation be- 

cause this regime is encountered in many types 
of chemical engineering equipment (for example, 
in tubular wetted-wall columns, in columns with 

flat-parallel packing etc.). By virtue of inducing 
additional lateral motion of the liquid in the 

films and increasing the interphase area the 

wave formation stimulates augmentation of 

mass transfer between a film and an adjacent gas 
phase. According to the available experimental 
data [l] the increase of the mass transfer 

coefficient caused by wave formation in the 
processes of film rectification and film absorp- 

tion may be as large as 50 per cent and more. 
The first attempt to develop a quantitative 

theory of wavy motion of liquid films was made 
by Kapitza [2] who based his considerations on 
the assumption of smallness (compared with 

unity) of the mean film thickness to wavelength 
ratio. In accordance with this assumption the 
system of the boundary layer equations was 

used for description of the velocity distribution 
in a tilm and a non-damped periodic solution 
was obtained in the form of half-parabolic 

profile with the mean velocity depending on 
the coordinate in the direction of flow. With 

accuracy up to the terms of the second order of 
smallness with respect to the wave amplitude 
to mean film thickness ratio an expression for a 
shape free film surface was obtained and the 

main parameters of wavy flow (the wave length, 

the celerity and the amplitude) were calculated 
using a hypothesis about the minimum of 

viscous dissipation of the kinetic energy. 
The theoretical results obtained by Kapitza 

appeared to be in quite satisfactory agreement 

with experimental data corresponding to small 
liquid flow rates [3]. With the increasing flow 
rate appreciable deviations from the theory 
began to be observed. Namely. the wavelength 
decrease monotonously with the increasing 
flow rate, passes through a minimum and be- 
gins to increase [4]. Besides, the observed 
celerity generally decreases with the increasing 
flow rate. in contradiction to the Kapitza’s 
theory which predicts constant celerity. 

Among the papers on a theory of wavy film 
flow which were published subsequently the 
most interesting are those devoted to analysis 
of stability of various types of laminar flows with 

respect to small perturbations of the free film 
surface [5-111. The main conclusion i’ollowing 

these papers is that all perturbations with 

sufficiently long (compared with the mean film 
thickness) wavelength grow when traveling 

downstream, the growth rate of such perturba- 
tions becoming higher with the increasing 

Reynolds number. 
A remarkable contribution to the theory 

of wavy tilm flow is given by Shkadov [ 121 who 

proposed a new approach to analysis of film 
hydrodynamics based on a Fourier transtbrma- 
tion method. By means of representation of the 
velocity profile in a form of a Fourier series it 

appears to be possible to devise a solution 
procedure different, in principle, from the 
conventional procedure of constructing a power 

series with respect to the small wave ampli- 
tude. However, within the framework of such a 
procedure two parameters from the four, namely 

the Reynolds number, the mean film thickness, 
the wavelength and the celerity, remain to be 
arbitrary, so the problem as in the case of the 

series expansion with respect to the small 
amplitude cannot be solved in a closed form 
without adoption of some additional physical 

hypotheses. As a remedy from this unfortunate 
situation the condition of the minimum film 
thickness at a given liquid flow rate was used 
in [ 121. The resulting wavy regime (calculated 

in [12] for the case of wavelengths significantly 
exceeding the mean film thickness) was called 
‘the optimal wavy regime’ on the basis of the 
fact that this regime. as follows from the 
stability analysis by means of the non-linear 
perturbation theory [13]. is stable with respect 
to perturbations having the main parameters 
(the wavelength, the celerity and the amplitude) 
similar to those of the initial wavy flow. It 
should be noted however that the above men- 
tioned criterion of “optimization” of wavy 
film flow is not substantiated from the 
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theoretical point of view as the principle of 
minimum viscous dissipation of the kinetic 
energy is. In addition, a severe limitation of the 
method developed in [12] originates from use 
of the boundary layer equations for description 
of the velocity distribution in a film. It can be 
shown that the application to film flow of the 
system of the boundary layer equations is 
justified only within a very short range of the 
Reynolds numbers. Indeed let us consider the 
main equation which is easily derived from the 
system of the boundary layer equations and is 
generally used for the description of the wavy 
Elm fiows [2, 121: 

a2u 
fvp+g. 

Dimensions analysis shows that the conditions 
of validity of this equation are : 

(gv4)” (p/a) Re” 4 1, 

(sv4) (p/c)* Rep < 1 . 

These conditions should be satisfied simul- 
taneously. The lirst condition means that the 
contribution of the inertial term u(&/ax) to the 
total momentum balance is comparable with 
the contribution of the surface tension term 
(o/p} @h/8x3, both contributions being exceed- 
ingly large compared with the contribution 
omitted in the equation above) of the longi- 
tudinal molecular momentum transport term. 
The second condition means that the inertial 
u(du,/ax) and the lateral molecular transport 
v(a2u/ay2) terms are of the same order of 
magnitude and both are exceedingly large 
compared with the neglected term v(a2u,@x2). 
The two conditions limit the range of the Rey- 
nolds numbers in which the boundary layer. 
approximation is valid. For example, this 
range appears to be 1 5 Re 5 20 for water and 
1 5 Re 5 7 for ethanol. 

Some papers were devoted to analysis of 
stationary regimes of film flow. In particular, the 

limiting case of extremely high Weber numbers 
was considered [ 141. The attempt was made to 
take into account a non-parabolic form of the 
velocity distribution in a cross section of a 
film [ 15,161. A theory was developed concerning 
upward cocurrent flow of a wavy film and a 
turbulent gas in tubular conduits [17]. In the 
paper [18] a method was suggested for cal- 
culation of the parameters of wavy film tlow in 
the case of arbitrary (not necessarily long 
compared with the mean film thickness) wave- 
lengths. Using the linearized (with respect to 
the amplitude of waves) system of the Navier- 
Stokes equations the authors of the paper [18] 
substantiated a possibility of existence of a 
circulation cellular pattern of instantaneous 
streamlines in a wavy film. Such a pattern was 
predicted by Kapitza [2] on the basis of qualita- 
tive considerations. Subsequently the cellular 
system of closed streamlines was described 
quantitatively within the framework of the 
Kapitza’s theory and the results of the cal- 
culation were used for interpretation of experi- 
mental data [19]. It should be noted, however, 
that the analysis given in [ 181 is based on an 
intrinsically contradictory system of equations 
and boundary conditions. This contradiction 
becomes obvious if one analyses the rigorous 
system of the Navier-Stokes equations and 
the corresponding boundary conditions for film 
flow. Let us consider a thin laminar liquid film 
thickness h(x, t) descending under the action of 
the gravity force along a vertical plane y = 0. 
We shall assume that x-axis is directed down- 
stream, the y-axis into the liquid. If the film is in 
contact with quiescent gas, and if the surface 
tension (r is constant along the film free surface. 
the velocity distribution inside the film should 
obey the following system of equations: 

+v $+“” i-g,(l) ( > w 
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(3) 

with the boundary conditions at the free surface 

y = h(x, t): 

2pv(l + b2) au 0 
-= 

1 - b2 8.u . 
(4) 

au au 4b &A 

qi+a;- ---_Oo 
1 - b2 ax (5) 

and at the solid surface y = 0: 

u=v=o. (6) 

where b E ah/ax. The boundary conditions 

(4H5) are the conditions of balance of the 
normal and the tangential forces acting at the 

gas-liquid interface.? It follows from the equa- 
tions (4) and (5) that in the linear approximation 
with respect to the dimensionless amplitude 

A = (h,,, - h&h, (7) 

the boundary conditions for the normal and the 
tangential stresses at the free surface of a film 
should be written in the form: 

2 

p+a$-2pv;y=0. 

-+%o. at4 
ay ax 

(8) 

(9) 

In the paper [ 181 the corresponding conditions 
are written in the form: p + a(d2h,/ax2) = 0, 
(&day) = 0. From the dimensional analysis of 

t The boundary conditions for mobile liquid-liquid and 
gas-liquid interfaces are formulated in a general form 
in [20]. In application to two-dimensional wavy film flow 
these conditions are written down in the papers [12, 211 but 
in both papers the explicit expressions for the normal and 
tangential components of the surface stress tensor contain 
some erroneous terms. 

the continuity equation (3) it follows. however. 

that c’ - huji and in the case h - 1, all the terms 
in the equations (8) and (9) are of the same order 
of magnitude. Consequently, the boundary 

conditions used in [ 181 are incorrect. Further- 
more. in the caSe of arbitrary (not necessarily 
long compared with the mean film thickness) 

wavelength it is incorrect to omit any of the 
terms in the equation (2). Indeed, according to 

the equation (1) aplax - pv(iT2uQx2) (i.e. p _ 
pvu/i,) and because of the relation u _ 11 the 

term -+/pay in the equation (2) is of the same 
order of magnitude as all the other terms of 

this equation. Therefore there are no reasons for 
equating this term to 7ero separately as it is 

done in [18]. 

2. THE METHOD OF MOMENTS 

In order to obtain the solution of the problem 

of wavy film flow we shall use the method anal- 
ogous to the method of moments well known in 

the laminar boundary layer theory [22]. 
According to this method the local velocity 

profile uJ_Y. y, t) is approximated by a poly- 
nomial expression with respect to the lateral 

coordinate y : 

u&. y. t) = u. $, uk(S) (y/h,)k (N = 1.2. .I. 

(10) 

where < = (.Y - c( u,t)lh,. cc-the dimensionless 
phase velocity of wave, u,-the mean film 

velocity defined by the expression: 

A h 

1 
uo = /Zh, ss 45. Y) di” dy (11) 

00 

The unknown functions ~~(5) can be determined 
by means of the following procedure. Firstly 
the function uN(x, y, t) is found from the con- 
tinuity equation (3) : 

q&x. y, t) = - u. f a;(t) (y/h)k+ l/k + 1 . (12) 
k=l 
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where a;(<) E da,/d<. It is easily seen that the 
functions u, and v, automatically satisfy the 
no-slip boundary conditions (6). Then express- 
ions (10) and (12) are inserted into the equation 
(2) and the latter is integrated with respect to 
over the interval from an arbitrary value of y to 
y = h. Such an integration permits, with the aid 
of the boundary condition (4) to obtain the 
pressure distribution pfx, y, t). After insertion of 
the explicit expressions for the functions p(x, y, 
t), Q(X, y, t) and +(x, y, t) i to the equation (1) 
one arrives to the equation containing N + 1 
unknown functions al(<). a2(t). . . . , a,(S), h(4). 
The closed system of N f 1 equations for 
determination of these functions can be ob- 
tained by successive multiplication of the equa- 
tion (1) by 1, y, y2, . . . , yN-’ and by mtegratmn 
of the results with respect to y in the limits from 
y = 0 to y = h. This integration procedure 
results in N - 1 ordinary differential equations. 
The remainder two equations are the boundary 
condition (5) and the condition of the micro- 
scopic mass balance in a film: 

ah a %++; udy=O. 
s 

(13) 

The resulting system of N + 1 ordinary differ- 
ential equations can be solved for any given 
number N with the aid of modern high-speed 
digital computers. 

3. THE LINEAR APPROXIMATION 

It is interesting, however, firstly to investigate 
the problem by an approximate analytical 
method in order to elucidate qualitatively a role 
of the main controlled parameters of the system 
-the Reynolds and Weber numbers. Such an 
analytical investigation can be accomplished for 
the case of small wave amplitudes, (A <( 1) 
when the solution of the problem can be sought 
by the traditional ~rturbation method. With 
the accuracy up to terms of the first order of 
smallness with respect to A and within the frame- 
work of the parabolic approximation of the 

velocity protile (10) with respect to y(N = 2) 
the solution can be expressed through the only 

unknown function rp(<) : 

~(47 Y) = ua[aiKf (y/h,) + az&7 Wh,,f*l , 

45h Y) = - uo[a;(O (y2!2h;) 

+ a;(<, (y313h$l. 

W3 = h,El + AqMl 9 

a&f = 3 + 3(ff - 2) A&) 

+ a (3 - 2cl) A@‘(<) * 

a&) = - 3 + 3 (3 - or) A$(<) 

- $ (3 - 2ff) A@‘(<). 

(14) 

(15) 

(16) 

(17) 

(18) 

By the above described procedure of inserting 
the expressions (14H18) into the equations 
(l), (2) and (4) and carrying out the appro- 
priate integrations one can arrive to the follow- 
ing ordinary dil~erenti~ equation for the 
function cp(<) : 

+ 9’: 
f- 

+(3-2a)&=O. (19) 

The necessary condition for existence of a 
periodic solution of the equation (19) satisfying 
the condition m = 0 (the line above means 
averaging the wavelength) is 

h3 = 3v2Re 
0 -. 

9 

This condition determines the mean film thick- 
ness at a given value of the Reynolds number. If 
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Rf;. i. Dependence ofthe d~men~onl~ wave number n on the Weber number 
in the linear approximation with respect to the parameter A. 

RG. 2. The d~mensionle~ phase veto&y of wave ct as a 
function of the Weber number in the linear approximation 
with respect to the parameter A: i-the result of the 
Kapitaa’s theory [2]; 2 .-the theoretical curve obtained in 
the work [18]; 3-the curve obtained in our work; the 

experimental data; b-water [18], c--alcohol 131. 

the ~~~~i~j~~ @O) is satisfied 0flE: can seek the 
solution of the equation (19) in the form: 

(p(c,“) = sin (no, (21) 

where n = 2xh& is the dimensionless wave 
number. Inserting the expression (21) into the 
equation (19) and equating the coefficients at 
sin (n5) and cos (vr# one obtains the following 
system of algebraic equations for n and ~1: 

- _.._ - . - - 

FP (2cr - 3) + 4n” (a - 3) + 160n2 
( > 
5cr - ‘I 

+48O(cr-3)=0. (23) 

we = p”pp 

Frr;, 3. The dimensionless wavelength /l as a function OS the 
Weber number (in the linear approximation with respect to 
the parameter A) at the fixed values of the surface tension, 
the density and the viscosity: la--a = 23 dynes/k 
p = @8&n?, Y = 1.38. IO-* cd/s: lb-a = Edynes/cm. 
p = 1-0 g/cm’, v = 1 @Q. IO- ’ cm’/s; 2--&e curve obtained 
in the work f18]; 3-the result of the Kapitza’s theory [2]: 
the experimental data: a-water [3], b-water [IS]- 

c-alcohol [3]. 
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This system significantly differs from the 
corresponding system obtained in the paper 
[ 181. The origin of the difference was discussed 
earlier. In the Figs. l-3 the results of numerical 
solution of the system (22) and (23) are repre- 
sented graphically. In particular, it is seen that in 
accordance with the available experimental 
data the values n and a are monotonous func- 
tions of the Weber number. In the limiting 
case We+ m we obtain n = 1.26; a = 1.80. 
The corresponding results of the paper [ 181 are 
n = 4.42 a = 1.69. 

4. WAVES OF A FINITE AMPLITUDE 

The linear approximation provides only 
qualitative description of the real wavy pattern. 
Besides, within the linear approximation as well 
as within any approximation which is obtained 
by means of expansion of the solution into a 
power series with respect to the parameter A this 
parameter remains indefinite. For calculation 
of the parameters of waves with a finite ampli- 
tude the modified Galerkin’s method may be 
used.? According to this method the velocity 
distribution is represented in the form of the 
polynomial expression! (14) and (15). The 
functions a,(E), ~~(5) and h(5) are expanded into 
the Fourier series with respect to < and the 
expansions are approximated by a finite number 
of terms : 

aI(i;) = al0 + a, 1 sin (nt) + ii, 1 cos (no + 

+ U, j sin tint) + a, j COS tjn<) , (24 

a2(5) = a,, + a,, sin (n<) + Zzl cos (no + . . 

+ U2j sin (jnf.3 + a2j COS tjn<) , (25) 

h(t) = ho [ 1 + A sin (n<) + b, sin (2nt) 

+ b, cos (2nQ + . . . . + bj sin t&E) 

+ bjco~(in[)] . 06) 

The total number of the unknown quantities 
in the expressions (24)+26) is bj + 4. These 

7 In application to wavy film flows this method, within 
the framework of the boundary-layer approximation, was 
firstly proposed in the paper [12]. 

quantities are uik,&(i = 1,2; k = 0,l . . . j), b,(i = 
23 9 ,..., j), ho, n, a and A. For determination of 
these quantities the following procedure is 
suggested. The expressions (14) and (15) to- 
gether with the expansions (24)-(26), are in- 
serted into the equation (2) and the latter is 
integrated with respect to y over the interval 
from an arbitrary y to y = h. Then the boundary 
condition is used and the pressure distribution 
is found. This distribution, together with ex- 
pressions (14), (15), (24H26), is inserted into the 
equation (1) and after integration over the 
interval from y = 0 to y = h the final equation is 
obtained the left side of which may be 
represented as a truncated Fourier series. 
Equating to zero the coefficients at the first j 
harmonics of this series and using the Newton’s 
tangent method it is possible to obtain 2j + 1 
relationships between the quantities uli, ali, 
U2b a,, b., b, ho, a, n and A. Similarly 2(2j + 1) 
more relktionships may be derived from the 
boundary condition (5) and from the macro- 
scopic mass balance condition (13). Therefore 
in order to determine all 6j + 4 characteristics 
of the wavy film flow it is necessary to get one 
more additional physical condition.? The Rey- 
nolds stability principle [23] may play the role of 
such an auxiliary condition. According to this 
principle the flow regime is stable with respect 
to any (not necessarily intinifesimal) perturba- 
tion of the kinetic energy of this perturbation 
does not grow with time, i.e. if 

E<O 
dt‘ ’ (27) 

Let us consider as an initial flow regime the 
wavy regime characterized by the vector velo- 
city distribution u(A) where A is the wave 
amplitude defined by the expression (26) (the 
temporal and the special independent variables 
of the velocity distribution we shall omit for 
brevity). The definite kinetic energy distribution 

t It should be kept in mind that such a necessity arises 
solely due to the accepted form of the solution as a set of the 
truncated Fourier expansions (24)-(25). In a case of using 
the infinite series there would be no need in any additional 
conditions for solving the problem. 
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rate dEjdt cat-responds to the initial regime. This 
rate is a functional of the velocity distrubition 
u(A) and is determined by the expression : 

principle of minimum of the viscous kinetic 
energy dissipation 121. 

The procedures of expansion of the functions 
al(<)_ a,(<) and hf5) into truncated Fourier 
series and determination, taking into account 
the condition (32) of the coefticients of the 
truncated series as well as the parameters yt and 
a were programmed for a digital computer. 
Calculations were performed with the accuracy 
corresponding to keeping tw5 first harmonics 
in the expansions (24~(26) i.e. to j = 2. The 
Figs. 4-6 show the results of numerical calcula- 
tion of the parameters n, a and A for a water 
film in the range of the Reynolds numbers from 
Ra = 1 to Re = ~~corresponding~~/ from IQ = 
IO-’ to We = 10ei. At a fixed value of the 
surface tension cr the dimensionless wavelength 
n = (2127~) (p~/a)+ is a non-monotonous func- 
tion of the Weber number (and correspondingly 
of the Reynolds number because at a fixed 
vafue of the surface tension IVc = const. Re”) 
This function appears to he different for dif- 
ferent liquids and passes through a minimum 
with increasing flow rate[4]. It is seen from the 
figures that the calculation results are in rather 
good agreement with the available experi- 
mental data, 

+ ~Aaf dydx . m3) 

Let us suppose that the initial flow is disturbed 
by some external infinitesimal perturbation so 
that in a disturbed state the amplitude A acquires 
the infinitesimal increment AA : 

A*=A+Aff. (29) 

In this case the resulting rate of the kinetic 
energy dissipation, dE*ldt, may be represented 
in a form of the following expansion : 
dE” 
dT = @[u(A)] + g fz$Al] AA + O(AA’). (JO) 

Therefore in the case of an infinitesimaf pertur- 
bation of the initial regular wavy flow regime the 
stability condition (27) takes the form: 

dE’ d@ 
- = 7i;;i f&4)] AA + O(AA”f d 0. 

dt 
(31) 

It fohows from the condition (31) that for 
existence of the stable wavy film flow 
characterized by the amplitude A it is sufficient 
that the condition 

5. EFFECT OF WAVES ON FILM MASS TRANSFER 

Knowledge of hydrodynamics of wavy film 
Ilow permits to analyse in detail the effect of 
waves on iilm mass transfer. In some papers 
[Z. IS, 191 attention was paid to the fact that at 
sufticiently big amplitudes of waves the mean 
value of the x-component of the velocity, ie. 

d@ 
;T;i f~(~)l = 0 

be satisfied. It is seen from the equations (2X) 
and (32) that in the limiting case of tfow with the 
extremely low Reynolds numbers when the 
inertial terms in the equation (2s) can be neg- 
lected compared with the viscous terms the 
condition (32) becomes to be equivalent to the 

$;;rtr) = $ 
0 s 

a~(<, y) dy = ~~~~~(~)~~2~2~~~ 

+ n,(4) (h3i3ho3lf (33) 

becomes zero at the definite cross-section of the 
film. The planes 5 = const in which the con- 
dition u(g) = 0 is satisfied separate the regions 
where the inst~~neous pattern of stream lines 
reminds a “circubtion cell” [IS]. each of these 
regions the streamlines are closed. According to 
our results the lowest limit of the Revnolds * 
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Fl’o. 4. Dependence n(w) for water calculated by a digital 
computer (solid line); the experimental data: a-[3]. &[18] 

d-[24]. 

134' 
1 I 

10-S 10-Z 10-l 

We = pu,2h,/u 

Fiti. 5. Dependence a(w) for water calculated by a digital 
computer (solid line); the experimental data: a-[3]. 

&[18]. d-[24]. 

numbers at which formation of a system of 
cells with instantaneous circulation pattern is 
feasible is Re c 15. At this Reynolds number the 
wave parameters are: n = 021, c1 = 2.60, A = 
0.39. On the basis of the fact mentioned it was 
concluded that liquid elements may leave 
surface regions of the film and get to bulk 
regions, herein there may exist so-called 
“renewal” of the free film surface intensifying 
mass transfer, It can be shown, however, that 
such interpretation is incorrect. Indeed, a 
consideration dealing with the velocities u and 
II which are defined in the stationary coordinate 

system (U = u = 0 at y = 0) permits to get in- 
formation only about instantaneous (corres- 
ponding to some fixed moment of time) 
hydrodynamic pattern of film flow. Such a 
consideration does not put one in a position to 

FIG. 6. Dependence A(We) for water calculated by a digital 
computer (solid line): the experimental data: a-[3]. 

d-[24]. 

assert about existence of liquid circulations 
because with time going on the liquid elements 
must not only displace themselves to other parts 
of their instantaneous trajectories but also must 
take part in translational motion along the x- 
axis with the velocity auO. In order to clarify 
the question about possibility for liquid ele- 
ments to leave the interface and to move into 
deeper regions of the film it is necessary to deter- 
mine the trajectories of the liquid elements in 
the coordinate system travelling downstream 
with the velocity. When using this coordinate 
system the time will not explicitly enter the 
motion equations and consequently the stream- 
lines will coincide with the trajectories of the 
liquid elements. In a differential form the 
equation for the trajectories in the above 
defined relative coordinate system is 

dy_ 1 a;(5) (Y2/%7 + a;(t) (y3!3@ 

h0 d5 a - a,(5) (M,) - ~~(5) (y2/h3 
(34) 

The denominator in the right side of the 
equation (34) nowhere becomes zero because 
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according to our results the condition ~(4. y) 
< CI is satisfied throughout all the space occu- 
pied by a film. It means that the trajectories of 
liquid elements are unclosed. The tra,iectories 

would be closed only if the condition u(& y) > CI 

took place at some distance from the plane 
y = 0. Therefore the liquid elements taking part 

in a periodic wavy motion inside a falling film 
travel along unclosed trajectories. The equation 
for these trajectories can be obtained by inte- 

gration of the equation (34). After integration 

we arrive to the following form of the 
trajectories : 

a,(<) (y2i2h3 + Q(5) (Y313@) - cc(Ylh,) 

= const (35) 

BOYADJIEV and V.P. VOROTILIN 

a discrete spectrum of celerities. Within the 
framework of such a detailed flow pattern it is 
feasible, in principle. to account for formation 
of circulation currents of liquid elements in a 

film. In this situation the tilm will show some 

resemblance with a system of droplets rolling 
along the solid surface. Liquid circulation in such 

a system may cause significant augmentation of 
mass transfer. 

6. CONCLUSIONS 

(1) All previous papers on a theory of wavy 

film flow are based either on incorrect systems of 
equations and boundary conditions or on the 
boundary layer approximation the latter being 

justified only in a limited range of the Reynolds 

N. 

Q 
x 

x x10*. sm 

FIG. 7. The solid lines with arrows-instant streamlines. The dotted lines- 
liquid particle trajectories in coordinates translating along the film length with 

velocity ~,(a = 1.98) with respect to the solid wall. 

This is a family (Fig. 7) of tortuous unclosed 

curves rarefying under the crests of waves and 

condensing in the dents. Thus the foregoing 
analysis shows that under conditions of regulai: 
wavy film tlow there can be no “renewal” of the 
free surface by fresh portions of liquid coming 

from the interior. The effect of waves on mass 
transfer should exhibit itself mainly in increasing 

of the area of the mass transfer surface as 
well as in augmentation of convective transport 
due to condensation of streamlines in the 
wave dents. It should be noted, however, 
that the flow pattern postulated in solving the 
system (l)-(6) and assuming the same celerity for 
au,, all wavelengths may not exist in real film 
systems. More detailed description of wavy 
film flow should be based on taking into account 

numbers. The fully self-consistent description of 

wavy film flow should be based on a complete 
system of the Navier-Stokes equations with 
corresponding boundary conditions. 

(2) From the linear approximation with re- 
spect to the ratio of the wave amplitude to the 
mean film thickness it follows that the wave- 
length and the celerity are functions of the 
Reynolds and Weber numbers. At fixed values 
of the density, the surface tension and the 
viscosity of liquid the celerity decreases mono- 
tonously with the increasing flow rate, whereas 
the wavelength as a function of the flow rate 
passes through minimum. 

(3) The results of numerical calculation of the 
wavy regime parameters obtained with the aid 
of the modified Galerkin’s method (taking into 
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account the Reynolds stability principle) are in films of viscous liquid. Prikl. Mekham. Tekhn. Fiz. 

good agreement with the available experi- No. 4. 6&67 (‘962). 

mental data. This agreement evidences, in 
8. A. F. ANDREEV, On stability of laminar flow of thin 

particular, that the distribution of x-velocity 
liquid films, Z. Eksperim. Teor.Fiz. 45, 755-760 (1963). 

9. C. S. YIH, Stability of liquid flow down an inclined plane. 

components may be approximated by a para- 
bolic function of y with coefficients expandable lo’ 
into the harmonic Fourier series with respect to 11. 

ni'. 
(4) Under conditions of regular wavy film 12. 

flow liquid elements inside the tilm travel along 
unclosed trajectories and there can be no 
“renewal” of the film surface by fresh portions 13. 

of liquid coming from the interior of the film. 
The effect of waves on tilm mass transfer 14. 

exhibits itself mainly in increasing of the free 
surface area and augmentation of convective ‘5. 

mass transfer due to condensation of liquid 
streamlines in the wave dents. 

Physics FIuirLF 6, j21-3% (1963). 
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WELLIGE STR6MIJNG IN DiiNNEN FLtijSSlGKEITSFlLMEN 

Zusammenfassung-Es wird eine integrale Methode zur LGsung des Systems der Navier-Stokesschen 
Gleichungen entwickelt. fiir die Geschwindigkeitsverteilung in einem laminaren Fliissigkeitsiilm der 
unter dem Eintluss der Schwerkraft frei an einer senkrechten festen Wand tliesst. Mit Hilfe dieser Methode 
werden die charakteristischen Parameter der reguliren Filmstrijmung (Wellenllnge, Geschwindigkeit, 
Amplitude) berechnet. Bei der linearen Approximation in Bezug auf das rerhiiltnis von Amplitude zu 

mittlerer Filmdicke erhllt man analytische Ausdriicke, die die Abhlngigkeit der Wellenl~nge und dcr 
Geschwindigkeit von der Weberzahl bestimmen. Die Parameter von Wellen, deren Amplitude mit der 
mittleren Filmdicke vergleichbar ist, werden mit einem Digitalrechner ermittelt. In Obereinstimmune. mit 
verfiigbaren experimentellen Daten neigt sich, dass filr gegebene Werte der OberflBchenspannungT der 
Dichte und der Viskositlt der Fliissigkeit die Geschwindigkeit mit steigender Weberzahl monoton fillt, 
wahrend die WellenlHnge als Funktion der Weberzahl ein Minimum aufweist. Der Mechanismus des 

Einllusses der Wellen aufden Stoffiibergang wird diskutiert. 
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ECOULEMENT DE MINCES FILMS LIQUIDES AVEC ONDES 

Resume-On developpe une methode integrale pour resoudre le systtme des equations de Navier-Stokes 
qui decrit la distribution de vitesse dam tm film liquide laminaire s’tcoulant librement par gravite le 
long d’une paroi solide verticale. On a calcult a l’aide de cette mtthode les parametrcs caracttristiques de 
I’ecoulement regulier du film (la longueur d’onde, la celtrim et I’amplitude). Dans l’approximation 
lineaire qui considere le rapport de l’amplitude a l’tpaisseur moyenne du films. on a obtenu des expressions 
analytiques qui dtterminent la dependance de la longueur d’onde et de la ctler$t au nombre de Weber. On 
lintaire qui considbre le rapport de l’amplitude a l’tpaisseur moyenne du lilm, on a obtenu des expressions 
moyenne du film. En accord avec les resultats experimentaux disponibles il est trouve qu’a des valeurs 
don&es de la tension superficielle, de la densitt et de la viscositt du liquide, la ctltrite decroit de facon 
monotone lorsque le nombre de Weber augmente, tandis que la longueur d’onde passe par un minimum. 

On discute le mecanisme de l’effet des ondes sur le transfert massique. 

BOJIHOBOE TEHEHBE TOHKHX XEMAHMX IIJIi~:HOH 

AHHo’Ps~HJr-Baapa6oTau PlHTel-panbHbIn MeTOR peIIIeHMR CHCTeMbI ypaBHeHMi Hasbe- 

CTouca ~nfr pacnpeneneann CKOP~CTM B naMuuapuog rnri~uoti nneuue, C~O~OAHO Teiiyqefi 

nOJJ AetiCTBIleM I'paBATaqMOHHOfi CIUIbI BfiOJIb BepTAKanbHOfi TBepAOti CTeHKM. c nOMOIQbI0 

3TOrO MeTOAa paCCYMTaHb1 XapatiTepIdCTWieCKPle napaMeTpb1 (RJIHHa BOJIHbl, CKOpOCTb I4 

aMn@,TyAa) paBHOMepHOl-0 IIJIeHOYHOrO TeYeHIIFI. nOZIy'IeHb1 aHaJIRTIlYeCK%le 3aBHCHMOCTM 

AJlMHbI BOJIHU M CKOpOCTkl OT WlCJIa Be6epa B JIHHei'fHOM npkr6nnHienun n0 OTHOlIIeHBIO 

aMnJIElTyAb1 K CpeJJHeti TOJIWaHe nJIeHKl4. Ha BbIWCJIPiTeJIbHOfi MaUIMHe paCCWlTaHb1 

napameTpb1 BojIIi C aMnnnTyaoi%, cpaBHsfMoB co cpeAHei4 T~JIWHH~~~ n.neHKM. Cornactro 
HMeIO~RMCR 3KCnepElMeHTaJIbHbIM AaHHbIM HatiAeHO,YTO ,WIR AaHHbIX 3HaseHPlfi nOBepXHOCT- 

HOrO HaTfIHIeHAR, IIJIOTHOCTLl kl BR3KOCTR HEAAKOCTLl CKOpOCTb MOHOTOHHO yMeHbIII3eTCH (‘ 

yBenwIeHHeM WiwIa BeBepa, IIpHseM RJIaHa BOnHbI KaK @YHK~HR WIcna BeAepa II~OXOWT 

sepea MHHHMYM. 06CyFKAaeTCH MexaHn3hf BJI~~HHFI B0.n~ Ha Macconepeaoc. 


